Simple 4 + d dimensional field theoretic models in which a 4 dimensional chiral Fermion field can be localised to the brane are analysed. The brane is defined by a d dimensional topological defect described by (i) an O(d + 1) sigma model, or (ii) a Goldstone model. When the defect has spherical symmetry, no solutions exist for d ≥ 2, leaving the d = 1 model of (ii) the only viable example of this mechanism. The result is expected to be independent of the symmetry assumption. Thus for d ≥ 2 one seems to need higher spin bosons to localise fermions to the brane.
Introduction
We present a direct generalisation of the original work of Rubakov and Shaposhnikov [1] in which the chiral fermion is trapped to a 1 dimensional domain wall described by the (topologically stable) kink of the ϕ 4 model. Here we replace the ϕ 4 model corresponding to codimension 1, with d dimensional, i) O(d + 1) sigma models [2] and ii) O(d) Goldstone models 1 , both corresponding to codimension d. In the context of these simple models which generalise the model of [1] directly, we find that no localising solutions exist for d ≥ 2 in case (i), and in case (ii), such solutions exist only for d = 1, namely that the model of Ref. [1] is unique in this context 2 . In section 2 we present the 4 + d dimensional models and derive the resulting residual Dirac equations in subsection 2.1. In subsections 2.2 and 2.3 we define the density functions, σ [ϕ] , in terms of the scalar fields ϕ belonging to the brane Lagrangian, which enter the Dirac equations. In section 3 we perform the separation of variables necessary for reducing the residual Dirac equations in the d codimensions to ordinary differential equations (ODE)and prove that there exist no normalisable solutions to these equations. Finally we summarise our results in section 4.
The model(s) and residual Dirac equations
The models presented here are natural and direct 4 + d dimensional generalisations of the 4 + 1 dimensional model of [1] . Our Fermionic action looks formally the same as that of [1] 
in which the Yukawa interaction term has coupling strength µ and σ[ϕ] is a function of the field ϕ symbolising the scalar field describing the model in the background of whose topologically stable defect the Dirac equation arising from the action (1) will be solved. In (1)Γ are the 4+d dimensional gamma matrices which will be defined below.
Before specifying the models featuring the fields ϕ , it is in order to explain our choice for the definition for the density function σ[ϕ], which is one of the main ingredients in our generalisation of the model of [1] . Like in the case of [1] , σ[ϕ] is related to the topological charge density of the system describing the soliton in whose background the Dirac equation arising from (1) is to be solved.
Thus our choice for the definition of the density σ[ϕ] will be, that it is the simplest function of ϕ related to the topological charge density, which asymptotically (in the co-ordinates of the codimension) results in a mass term of the residual Dirac equation in the d co-dimensions. This definition includes that of σ[ϕ] = ϕ of Ref. [1] . The precise definitions for σ[ϕ] employed here will be given in subsections 2.2 and 2.3 below.
We will consider two classes of d dimensional scalar field (ϕ) systems, O(d + 1) sigma models and O(d) Goldstone models respectively. These will be presented in two subsections below, but for now we proceed to analyse, in section 2.1, the Dirac equation of the action (1) in the background of the topologically stable classical soliton field ϕ c to be precised later.
The Dirac equation
The variational equation of the Fermion field iŝ
to be solved on the classical background ϕ c (r) to be precised later. (We anticipate the use of radially symmetric solutions in terms of the radial variable r = |x m | of the co-dimension.) Denoting the 4-dimensional (spacetime) coordinates by x µ and the coordinates of the codimension by x m , we represent the 4 + d dimensional gamma matricesΓ A = (Γ µ ,Γ m ) bŷ
in terms of the 4-dimensional gamma matrices γ µ and their chiral matrix γ 5 , and the d-dimensional gamma matrices Γ m . Using (3) and the separability Ansatẑ
in which we have used the notation σ c = σ[ϕ c ]. If we now invoke the existence of the zero modes of the Dirac field in 4 dimensional spacetime
and require that the Dirac spinor is chiral, i.e. that
then (5) reduces to the following differential equation
(6) is the residual Dirac equation mentioned above, which asymptotically has a mass term. In what follows we will restrict ourselves exclusively to the use of radially symmetric soliton fields ϕ c (r) in the residual Dirac equation (6).
σ[ϕ] for
) sigma models and their topologically stable solitons have been discussed extensively elsewhere [2] so we do not elaborate on them here. Best known amongst these is the d = 2 dimenesional scale invariant O(3) sigma model whose solitons, namely the well known BelavinPolyakov vortices [4] , are evaluated in closed form. Here we are concerned only with the topological boundary conditions the relevant solitons satisfy. Moreover, as noted above, we will restrict to the case of radial (spherically symmetric) solitons. So we state these, in terms of the d + 1 component scalar fields φ a = (φ α , φ 4 ), subject to the constraint |φ a | 2 = 1:
In (7)ẑ α = r −1 z α is the unit vector in the codimension. The topological charges stabilising the solitons of these models are the winding numbers, which take on unit values provided that the solutions satisfy the asymptotic conditions
We choose the function σ c to be the simplest function arising from the topological charge density defined in terms of the classical soliton profile f (r), so that asymptotically (in the radius of the co-dimension) the d dimensional Dirac equation (6) has a mass term. The winding number densities for the radially symmetric fields (7), are expressed in terms of the function f (r) (see e.g. [2] ). Here we list these for the cases d = 2, d = 4 and d = 3, 5, mainly to illustrate the qualitative difference between even/odd d, and to motivate our choice for the definition of σ c . These densities are,
for odd d = 3, 5 respectively. We see that the ranges of these topological charge densities are quite different for even and odd d.
Up to an unimportant multiplicative constant, the simplest such quantities extracted from (9)-(10) are, for even and odd d respectively,
resulting in
In the following, we will need only the asymptotic values (13)- (14), and not the detailed behaviour of σ c (r).
Goldstone models and their topologically stable solitons have been discussed extensively elsewhere [3] so we do not elaborate on them here. These models are described by scalar fields φ α , α = 1, 2, ..., d, in d dimensions. Apart from the various kinetic terms, Goldstone models are distinguished by a symmetry breaking self-interaction potential, leading to the important asymptotic condition
in which η is the VEV with inverse dimensions of length. Here again, we restrict to the radially symmetric fields
The topological charges stabilising the solitons of these models are the winding numbers, which take on the unit value for the following asymptotic conditions
The function σ c is now expressed in terms of the classical soliton profile h(r). One difference from the sigma models of the previous subsection however is, that the d = 1 case for Goldstone models, unlike the sigma models, does not trivialise but coincides, for example, with the ϕ 4 model. Another difference is that the winding number density for the radial fields (16) does not take qualitatively different expressions for even and odd d, as in (9)-(10).
In both even and odd d-dimensional Goldstone models, the leading term in the winding number density turns out to be [3] proportional to
and since in the following we will need only the asymptotic values and not detailed behaviours of σ c (r), we omit the d-th power of h(r) in (18) and simply state the topologically meaningful asymptotic behaviour 0
Separation of variables and Nonexistence
In the following sections 3.1, 3.2 and 3.3, the residual Dirac equations (6) will be subjected to spherical symmetry in codimensions d = 2, d = 3 and arbitrary d respectively. Section 3.1 in particular contains a subsection 3.1.1, where it is shown that normalisable solutions to (6) do not exist. This proof applies equally in all codimensions, and to models where (6) is defined in sigma model and in Goldstone model backgrounds, so it will not be repeated in sections 3.2, 3.3. The separation of variables for (6), which are first order PDE's, results in coupled first order ODE's which in turn lead to a pair of second order ODE's.
We seek solutions satisfying
to the said pair of equations, and it will turn out that there exist no solutions satisfying (20).
Codimension d = 2
The gamma matrices here are the first two Pauli matrices
and imposition of 2 dimensional radial symmetry results in the Ansatz
with l and l ′ both integers. We use l instead of the more conventional m for 2 dimensional angular momentum in 2 dimensions, in order to have a uniform formalism for all codimensions.
By virtue of (21), (6) separates for l ′ = l + 1 and reduces to the pair of coupled first order equations
with the notation f ′ = df dr .
Nonexistence
The presentation here is adapted to both sigma model as well as to Goldstone model backgrounds.
The function σ c (r) must have the asymptotic values (13), (14) in even and odd d dimensions,respectively, for the sigma model case, and (19) for the Goldstone model case.
In the r ≪ 1 region, the solutions of equations (22a,22b) which are differentiable at the origin, have the asymptotic forms
In particular, f 2 (0) = 0 and f 1 (0) is finite for all possible values of l. At infinity, both f 1 and f 2 decay exponentially. Now the equations (22) yield
Integrating over r and using the said boundary conditions, one finds
which clearly is impossible. There are therefore no solutions of (6) satisfying (20).
Codimension d = 3
The gamma-matrices in the residual Dirac equation (6) are now the usual 2 × 2 Pauli matrices
so that the residual spinor ψ transforms as a spin- so as to achieve a separation of variables in (6). The spinor harmonics are defined as
in which Y l, m (θ, φ) are the spherical harmonics and χ ± 1 2 are the constant valued 2 component eigenvectors for spin-
Evaluating the Clebsch-Gordan coefficients in (25) and substituting (26), we have
The result of acting with the gradient operator on the spherical harmonics can be systematically calculated applying the Clebsch-Gordan series, and is listed in (10) and (11) on page 147 of [5] . Applying these to the residual Dirac equation (6) with the Ansatz (24), and setting l ′ = l + 1, we have
The similarity of (29a)-(29b) with (22a)-(22b) is remarkable and holds for arbitrary codimension, as we shall see. The demonstration of nonexistence in this case applies the proof given in section 3.1.2 for the 2 dimensional Goldstone model background, since the boundary values of of the function σ c (r) for odd codimensions are the same both for (3 dimensional) sigma-model and Goldstone-model backgrounds, both being the same as those of the 2 dimensional Goldstone-model. The proof for nonexistence of solutions of (6) satisfying (20) is here the same as that in section 3.1.1.
Arbitrary codimension
To generalise to arbitrary codimension d, we need some preparation. Let σ ij (x i p j − x j p i ).
Squaring yields A 2 = (n − 2)A + L 2 , where
It is well known that the eigenvalues of 
lM , where
like which the profiles of their σ c background functions exhibit one node. The Goldstone backgrounds on the other hand are qualitatively similar to (gauge-Higgs) solitonic (e.g. vortices, monopoles etc) backgrounds, like which the profiles of their σ c functions exhibit zero nodes. In this respect, the codimension-1 case [1] is hybrid and unique; like the Goldstone models, its σ c background function, arising from the topological invariant, is the modulus of the scalar field itself, while like the sigma models, the profile of its σ c function has one node.
